Simple correlated wavefunctions considering two K-shell active electrons of neutral atoms from He to Xe are presented in this paper, describing a variational method subject to a local Hartree potential representing the presence of outer shell electrons. Three kinds of electron-electron correlation functions have been studied with rigorous observation of the exact behaviour of the wavefunctions at the electron-electron and electron-nucleus coalescence points (Kato cusp conditions). Global properties, such as the energies and virial coefficients, as well as local properties, such as spatial mean values, together with scaling laws with the nuclear charge for the variational parameters, are also analysed. We calculated the expansion of the functions in terms of bipolar spherical harmonics. Finally, comparisons are made with a more rigorous, fully quantal close-coupling method, which also includes the same Hartree potential for the outer electrons.
Introduction
Much effort has been invested since the beginning of quantum theory, to solve the bound three-body Coulombic systems. In particular, the non-relativistic helium atom ground state can be calculated today within a precision better than 19 significant figures (see [1] and references therein). For most practical purposes, simple approximated wavefunctions have been proposed, fulfilling the required global and local properties of the He ground state with the optimization of only a few variational parameters. Some instances are the widely used functions presented by Bonham and Khol [2] , Le Sech [3] and Patil [4, 5] , applicable to the helium atom and to helium-like systems. Simple variational representations for the lowlying excited states are also available for these systems (see, for example, [6, 7] ). However, scientific literature lacks such simple correlated wavefunctions for the two electrons subject to the influence of outer-shell electrons.
New experimental techniques could offer deeper understanding by providing information about the average separation between two electrons in the initial state. Recent measurements of double ionization of He and Ne by Schultz et al [8] confirmed that the correlation function depends sensitively on the correlation introduced by the initial state. Experiments in protonhelium transfer ionization by Mergel et al [9] show a particular transfer ionization mechanism which can only be interpreted as a result of strong correlations in the initial He groundstate wavefunction. New experiments involving double photoionization of K-and L-shell electrons of neutral atoms [10, 11] demand knowledge of appropriate functions which account not only for correlation but also for the influence of the passive-shell electrons. Therefore, we intend here to develop fully correlated two-electron wavefunctions of atoms to deal with double processes in a way analogous to how the Hartree-Fock method tackled single transition processes. For these functions, we require acceptable values for the bound energies and other global properties such as the virial coefficient, together with local properties such as mean radii values to ensure the proper behaviour in all regions.
These functions can specially be useful in the calculation of double photoionization [12] [13] [14] , dielectronic capture [15] or double ionization of inner shell [16] electrons, where correlation plays a leading role. The wavefunctions must also satisfy the exact behaviour at the electron-electron and electron-nucleus coalescence points (Kato cusp conditions) [17] . For instance, the double photoionization at very high incident energies is extremely sensitive to the electron-nucleus cusp conditions. As is discussed byÅberg [18] , the matrix element of this process involves the Fourier transform of the gradient (in velocity gauge) of the initial wavefunction. Thus, the proper limit is obtained only if the cusp condition at the nucleus (see equation (11)) is satisfied. Furthermore, at very-high photon energies, another mechanism, the so-called quasi-free double photoionization, dominates the central part of the single differential electron energy spectrum [19] . In the quasi-free mechanism, both electrons share the energy and are ejected in nearly opposite directions, with no participation of the atomic nucleus [19, 20] . In this case, its matrix element maps the derivative of the ground-state wavefunction at small electron-electron distances. Therefore, the fulfilment of the electron-electron cusp condition (also known as the correlation cusp-see equation (12) ) is the relevant criteria in the description of the equal sharing energy region.
Calculations of these processes put severe limitations on the sophistication of the wavefunctions, even when powerful computational facilities are available. Therefore, we are resorted to tractable wavefunctions which allow us to solve these transition matrix elements in the context of simple Nordsieck-type integrals [12] .
As a first step, we want to propose simple correlated K-shell wavefunctions which account for the influence of the passive electrons, for many neutral atoms. We compare these functions with a fully quantal close-coupling (CC) calculation, which also includes the same outer-shell influence. The comparison between both methods is performed not only for the total wavefunction, but also for every term in the partial channel expansion in terms of bipolar spherical harmonics. Having established that both calculations are compatible, the CC functions may then be used to provide the necessary constraints for further development of variational methods in the calculation of excited and continuum wavefunctions.
Atomic units are used throughout this paper unless otherwise specified.
Theory

The K-shell model Hamiltonian
Let us consider a system composed of two interacting electrons described by the non-relativistic Hamiltonian
As usual, r 1 and r 2 represent the distance of the electrons to the nucleus, and 1/r 12 is the electron-electron repulsion. In general, the central potential V (r) for electrons in the K-shell can be written as
where Z is the nuclear charge. In particular, for helium-like ions Z K (r) = Z − 2. For neutral atoms, Z K (r)/r accounts for the static potential created by the rest of the electrons in the upper shells. In this paper, we will consider the local Hartree potential given by
where ϕ nl represents the upper shell wavefunctions (the K-shell electrons are removed from the sum). For the calculation of the static potential (equation (3)), we use Roothaan-HartreeFock functions, tabulated by Bunge et al [21] . These functions satisfy the electron-nucleus cusp condition required by our purposes. To make the calculation tractable, we have fitted Z K (r) as a combination of simple exponentials
The asymptotic conditions at r → 0 (equation (2)) imposes
A list of the parameters Z j and µ j for atoms from Li to Xe are shown in table 1. As a function of Z, the coefficients follow a simple behaviour. In general, for 5 Z 10, two exponentials are enough to represent Z K (r) within acceptable relative errors (note the similarities between µ 1 and µ 2 from B to Ne). The potential introduced to account for the influence of the outer electrons is local, and does not include exchange with these electrons. This exchange, however, is not large since the innermost K-shell is well separated, both in energy and coordinate space, from the outer shells. We explicitly calculated the exchange for several atoms and found its contribution negligible. For example, for the Ne atom, the exchange (at the mean ratio of the K-shell orbit) is less than 0.3% of the direct potential at this distance. This is not the case for the subvalence 2s 2 subshell, where the exchange with the 2p 2 electrons is very important. In the Ne atom case, an explicit calculation of the exchange potential results in a contribution of about 20% to the total potential, around the L-shell radius. Therefore, the exchange cannot be neglected while considering these wavefunctions calculations.
The trial wavefunction
The K-shell ground-state electrons will be described here by the following trial wavefunction, 
and 1s (r) = Z 3 /π exp[−Zr] is the hydrogenic 1s state. The factor cosh(αr 1 ) (cosh(αr 2 )) accounts for the shielding of electron 2 (1) on 1 (2). The main modification introduced in this work is that the two-electron function 12 consists of a product function rather than a sum of one-electron functions. Thus, we can no longer assume that as r 1 → ∞ electron 2 is represented by 1s (r 2 ), as posed in the model of Patil [5] to treat two electrons in a pure Coulomb field.
Three types of electron-electron (e-e) correlation functions x 3 (x = a , b and c) will be considered in this work. The first correlation function studied here, a 3 ,
is a generalization of those studied by Bonham and Kohl [2] and Kleinekathöfer et al [22] . It is the simplest of the three functions, but there is a setback. As we are interested in using these wavefunctions in double processes, analytical calculations of transition amplitudes are generally demanded. To calculate the matrix elements by means of Nordsieck-type integrals, a Fourier transform is required on the variable r 12 . This term should be L 2 integrable, and it is built by multiplying the integrand by exp(−εr 12 ) and afterwards producing the limit as ε → 0 [12, 13] . This procedure is clearly very cumbersome. A better strategy is to build the exponential directly in the wavefunction as suggested by Otranto et al [23] ,
A third type of correlation term was introduced by LeSech [3] ,
This function has largely been used in the case of helium-like ions. However, the use of c 3
in the calculation of double photoionization processes introduces additional terms containing derivatives of the Nordsieck integral respect to λ c . Since the three types of functions described above have the following properties,
then, 
where the terms β ij and N j can easily be derived from the definition of the wavefunctions.
In this way, all calculations in the context of double processes become easier and faster. An additional factor r 12 emerges if c 1s
2 is used instead.
Results
The matrix elements involved in the variational expression,
can then be cast in terms of simple integrals of the type solved by Bonham and Kohl [2] , which have closed forms. It is also important to consider the virial coefficient V, no longer given by the ratio of the mean values of the total potential and the kinetics energies but by
where
and
are the total potential and kinetics energies, respectively and Z K (r) is the derivative of Z K defined in equation (3), and approximated as in equation (4), i.e.,
In helium, we obtain a ground-state energy E 1s 2 = −2.89988, which means that our calculation takes into account 88.3% of the correlation energy (E exact = −2.9037, E HF = −2.8617). In all the cases, V differs from 2 (exact value) only in the fourth significant figure.
The stability of the variational parameters α and λ is worth noting when they are scaled with Z. Since Zr i is the Coulomb (natural) scaling, then we can write λr 12 = (λ/Z)(Zr 12 ), and that is why (λ/Z) is a quasi-universal parameter. The scaling of α with √ Z was rather unexpected but it is a consequence of the solution of the Bonham and Kohl integrals [2] . We can attribute the slight increase of α/ √ Z as Z increases, to the effect of the passive electrons of the upper shells that shield the nucleus, relaxing the ground state. Such an influence affects the electron-nucleus interaction but not the electron-electron interaction; therefore, (λ/Z) remains almost unaffected. It is interesting that this scaling seems to be general, and probably holds for several types of trial wavefunctions. For example, we have found that the results reported by LeSech in [3] also follow this scheme; λ and a in [25] . The values of α and λ scale very well with Z. The variational parameter α, when scaled with √ Z, is nearly a constant for the three correlation functions. The impressive stability of α is due to the lack of passive electrons, therefore, the Coulomb scaling applies naturally, leading to the conclusion that the method is very robust, and the wavefunctions have an appropriate structure. The influence of the passive outer shells in the atoms considered here is generally very small, as can be seen by comparing the parameters of the neutral atoms and the corresponding positive ions. This is clearly seen comparing tables 2 and 3. For instance, the difference between the mean separation Zr 12 in neutral Ne and in the Ne 8+ ion is only 0.5%. The same similarity holds for 1 Zr 12 . However, the value of α, which is directly related to the energy, differs by about 11%.
In the case of the function 2 to justify an additional derivative of the Nordsieck integral. For helium, the correlation energy increases to 91%, but the virial coefficient does not improve. The original LeSech function, as given by equation (2) of [3] , has a correlation energy of 96%, but its structure differs from ours as it contains the sum of cosh's instead of the product of cosh's, as used here. Although it is more precise, equation (3) of [3] complicates the calculation of the matrix elements even more.
Comparison with the close-coupling method
In this section, we will compare our variational functions 2 is threefold. First, it tests the quality of the variational functions, since an accurate energy value does not warrant that the function has the right spatial behaviour. Second, it provides a good test to the convergence of the partial waves expansion in the CC calculation. Since our variational functions contain all the cusp conditions, it is useful to know how many partial waves are needed to fulfil these conditions. If we can find a general agreement between both methods, a top-up procedure can be developed for a complete extension of the close-coupling wavefunctions to higher partial waves. Third, if both methods are compatible, we could be able to develop further variational methods for the excited and continuum wavefunctions, constrained with the exact CC wavefunctions behaviour (for example, imposing the zeros of the functions).
In [26] , a complete description of the theoretical procedure used here was presented for helium within a spherical symmetric model (also known as the Temkin-Poet model or the S-wave model [27, 28] ). The same method was also used before for real helium in a full CC calculation by Mitnik et al [29] , and the detailed description of the theory for this case will appear in a forthcoming paper. The main difference with these previous calculations resides in the fact that as we are dealing now with general atoms and ions, the influence of the outer-shell electrons is taken into account here through the inclusion of the Hartree potential (equation (2)) in the close-coupling equations.
The CC ground-state wavefunction is calculated by relaxing the initial wavefunction (it can be a simple product of one-electron wavefunctions) in a fictitious imaginary time τ = it [30] .
∂ ∂τ cc 1s
With no constraints, this imaginary time propagation will relax to the solution with the smallest eigenvalue of H K . Thus, after many iterations (continuously renormalizing the wavefunction), only the lowest level eigenvalue (i.e. the ground state, or the first metastable level, according to the parity of the initial function) survives the relaxation. The computer codes that implement this method are also adapted to run on parallel computers. In this case, the wavefunctions are partitioned over many processors in such a way that the communications between the processors are minimized and performed at every time step only for the partitioned domain borders. This parallelization scheme is a standard procedure for many of the timedependent-close-coupling works (for example [31] ).
Energy and mean values
In first place, we have tackled the energy of the ground state of helium, obtained by means of this relaxation technique. For a numerical lattice having 500 points with a mesh spacing r 1 = r 2 = 0.05, and for seven coupled channels (l 1 l 2 = ss, pp, dd, ff, gg, hh, ii), we obtain E cc 1s 2 = −2.896 which is no better than the energy of our variational wavefunctions. With this numerical grid, the energy of the one-electron He + ion is E 1s = −1.9889, compared with the exact value of E 1s = −2. In order to improve these results, the CC method needs to decrease the mesh step size, increasing the number of points. Convergence is demonstrated by using a grid with r 1 = r 2 = 0.01, where E 1s = −1.9998 and E cc 1s 2 = −2.9030, much better than the variational predictions.
We have also considered the K-shell electrons of neon and argon as a benchmark to illustrate neutral atoms. For neutral Ne, the total energy was calculated with the CC method, by using a numerical grid of 500 points with r 1 = r 2 = 0.005 and including the same seven channels in the calculation. We obtain E = 0.0335, and 1/r 1 HF = 9.618, as tabulated by Bunge et al [21] . As noted before, the close-coupling results can be improved by using a better numerical lattice.
For neutral Ar, the CC calculation uses a 500-points numerical grid, with r 1 = r 2 = 0.001, and includes four channels (l 1 l 2 = ss, pp, dd, ff). We obtain the following results: E 
Coupled spherical harmonics expansion
In general, the total wavefunction LM can be expanded in terms of coupled spherical harmonics as follows: 
The normalization of 1s 2 imposes l C ll = 1, where
The first term, C 00 , is the so-called s-s correlation, C 11 is the p-p correlation, and so on. In order to compare the variational wavefunctions with the CC wavefunctions, we expanded both functions in terms of coupled spherical harmonics, and compared every term in the partial expansion. Figure 1 shows (a) P a 00 , the s-s radial part of a 1s 2 (the variational approximated wavefunction), (b) P CC 00 , the s-s radial part of cc 1s 2 (the CC wavefunction), and (c) the difference between both radial wavefunctions. As is shown in the figure, the difference between both functions is very small (the amplitude of the differences is less than 0.01). The figure shows a deeper zone along the diagonal r 1 = r 2 , which is a clear demonstration that the individual partial wave P CC 00 does not properly satisfy the electron-electron cusp condition. The excellent agreement between the variational and the close-coupling radial wavefunctions is not limited to the s-s term in the expansion. Figure 2 shows P a 11 and P CC 11 , and the difference between both radial wavefunctions. In this case, the overall agreement is still very good, and the effect of the lack of the electron-electron cusp condition in the CC wavefunction is less pronounced. It must be mentioned that the variational and the CC functions are normalized in a completely separate calculation. So, it will be natural to find such differences between the partial expansion terms.
The correlation terms C ll (equation (22)) can be calculated from the variational wavefunctions by simply projecting x 1s 2 into the coupled spherical harmonic base. This projection has been achieved here by numerical calculation. Alternatively, one may obtain closed forms for the first l's by using the technique derived by Swiatecki [32] , as described in the appendix. Figure 3 shows the partial contribution of the different terms in the expansion (21), by plotting the C ll values (equation (22) (22)) obeys a scaling law with the nuclear charge. They can roughly be fitted for large Z, (Z 4), as follows
This relation can be predicted by scaling the electron coordinates in the natural ones, i.e. ρ i = Zr i . In this way the integral given by equation (22) reduces from dr 1 dr 2 to Z −2 dρ 1 dρ 2 , given the so-called Coulomb or Schrödinger scaling.
(ii) It is also noticeable in figure 3 that beyond a certain l, the C a ll behaves as C a ll ≈ l −5.7 , which may be very important to estimate the importance of higher angular momentum in the close-coupling method.
The interesting point to observe is that C c ll follows a similar scaling to equation (23) 
Conclusions
We have introduced simple variational wavefunctions to describe the K-shell orbital electrons of neutral atoms and helium-like ions. These functions are strongly correlated and satisfy the Kato cusp conditions. Their structure makes them very tractable for atomic physics processes involving two active electrons. They describe very well the global and local parameters (energy, mean orbital radius, virial coefficient, etc). From the comparison with the rigorous CC method, we find that our variational functions yields a good description when expanded in coupled spherical harmonics. Compatibility between both methods will allow us to rely on the exact CC functions, for imposing constraints to the variational calculation of excited and continuum states. Summing up, the simple wavefunctions here proposed appear to be excellent candidates for the calculation of double processes in atomic physics. , and, for the sake of simplicity, we have denoted here I n ≡ I (n, λ, r 0 , R 0 ). For
